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The advances in geometric approaches to optical devices due to transformation optics has led to the devel-
opment of cloaks, concentrators, and other devices. It has also been shown that transformation optics can be
used to gravitational fields from general relativity. However, the technique is currently constrained to linear de-
vices, as a consistent approach to nonlinearity (including both the case of a nonlinear background medium and
a nonlinear transformation) remains an open question. Here we show that nonlinearity can be incorporated into
transformation optics in a consistent way. We use this to illustrate a number of novel effects, including cloaking
an optical soliton, modeling nonlinear solutions to Einstein’s field equations, controlling transport in a Debye
solid, and developing a set of constitutive to relations for relativistic cloaks in arbitrary nonlinear backgrounds.
Transformation optics [1–7], which uses geometric coordi-
nate transformations derive the materials requirements of ar-
bitrary devices, is a powerful technique. Essentially, for any
geometry there corresponds a material with identical trans-
port. With the correct geometry, it is possible to construct op-
tical cloaks [8–10] and concentrators [11] as well as analogues
of these devices for other waves [12–16] and even for diffu-
sion [17–24]. While many interpretations and formalisms of
transformation optics exist, such as Jacobian transformations
[2], scattering matrices [25–29], and conformal mappings [1],
one of the most theoretically powerful interpretations comes
from the metric formalism [30]. All of these approaches agree
that materials define an effective geometry, however the met-
ric formalism is important since it allows us to further interpret
the geometry. In particular, certain geometries correspond to
solutions to Einstein’s field equations, which relate geometric
curvature to gravitational forces. Materials that mimic these
geometries, or artificial relativistic media, constitute a sub-
set of transformation optics materials (dark blue circle, Fig.
1) that can effectively model relativistic effects [30], such
as black holes [31, 32] and gravitational lensing [33] or cre-
ate novel devices such as the space-time cloak (which hides
events instead of objects) [34].
One limitation of transformation optics, however, is the
necessity of using linear materials (materials whose proper-
ties do not change with electric field, pressure, temperature,
etc.). At present, the transformations that have been derived
have exclusively been applied to linear media. That is, the
focus has been upon media equivalent to an isotropic, ho-
mogeneous, linear background medium embedded in curvi-
linear coordinates. However, there is no necessity to main-
tain the constraint of linearity. In thermal transformations, re-
searchers have already considered the case of temperature de-
pendent transformations (which we shall generalize as “non-
linear transformations”), and shown how they are equivalent
to a thermally nonlinear material embedded within a linear
background [35, 36]. However, considerations of background
nonlinearity have thus far been absent. Moreover, nonlinear
transformations lack the intuitive physical interpretation of
linear transformation materials, where transport follows sta-
tionary geodesics. This intuition is useful when developing
devices where geodesics bend and shift with the applied field.
Linear 
Li
ne
ar
 
Li
ne
ar
 
Linear 
Transformation
Optics
Transformation (g)
M
at
er
ia
l (
ε)
Nonlinear
Optics
Artificial
Relativistic
Medium
Wave 
Mixing
Solitons
Optical
Soliton
Cloak
Optical
Wave Cloak
Concentrator ArtificialBlack Hole
Spacetime
Cloak
Electrovacuum
Wave Cloak
Electrovacuum
Soliton Cloak
Switchable
Nonlinear
N
on
lin
ea
r
N
on
lin
ea
r
Nonlinear
Fig. II
Fig. III
Eq. 1
Eq. 3,19-21
Eq. 8-10,16-18
Eq. 12-14 Cloak
Eq. 6
Fig. IV
Debye
Concentrator
Cloak
Switchable
FIG. 1: Representation of our transformation optics framework.
Background material () and coordinate transform (g) can be lin-
ear or nonlinear with respect to applied fields, making four mutually
exclusive cases. Within this parameter space, certain combinations
satisfy transformation optics requirements (light blue ellipse). A sub-
set of these also satisfy Einstein’s field equations (dark blue ellipse).
When nonlinearity is included, effects from other fields, e.g. nonlin-
ear optics (red circle) can become incorporated into transformation
optics. Examples from each quadrant are labelled, with the nonlin-
ear examples being explored in the text (except the switchabe cloak,
discussed in Ref. [35]).
In this paper, we shall present a unified theory of nonlin-
ear transformation optics. We will consider both the case of
a nonlinear background medium (bottom half of Fig. 1) and
nonlinear transformations (right half of Fig. 1) in arbitrary
combination. We shall begin by generalizing transformation
optics theory to incorporate these nonlinearities, then consider
examples illustrating this formalism from each of the new,
nonlinear quadrants of Fig. 1. Examples will be selected for
their practical significance, physical intuition, and clarity.
Nonlinear Transformation Formalism: To begin, in lin-
ear transformation optics, the constitutive relation is [30]
ij/0 = µ
ij/µ0 =
√−g√
γ
gij
g00
(1)
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2where gij is the metric in transformed coordinates, g is the
determinant of the metric, g00 is the time-like component of
the metric (−1 for a static transform) and γ is the determinant
of the untransformed metric (1 for Euclidean coordinates, r2
for cylindrical, etc.). That is,
gi
′j′ =
∂xi
′
∂xi
∂xj
′
∂xj
γij (2)
where we have used Einstein summation notation for curvilin-
ear coordinates (indices repeated as both subscript and super-
script (covariant and contravariant) are summed, Latin indices
are only over spatial dimensions, Greek indices are over space
and time (0th) dimensions). Eq. 1 can easily be generalized to
a nonlinear transformation of a nonlinear background by the
relation
ij(E)/(E) = µij(E)/µ(E) =
√−g(E)√
γ
gij(E)
g00(E)
(3)
where we have assumed that the nonlinearity is solely a func-
tion of electric field E(r, t) =
√
EiEi.
Note that the functional forms of (E) and g(E) are
arbitrary. Assuming the coordinate transformation xi →
xi′ leaves Maxwell’s equations (or the corresponding equa-
tion of motion for other fields) unchanged, except for a
change of variables (i.e. L[E(x), g0, (x,E(x)), x] =
L[E(x′), g(x′, E(x′)), 0(E(x′)), x′] for operator L that de-
fines E), then the introduction of nonlinearity preserves trans-
formation optics techniques, as the coordinates only enter the
nonlinearity through the field.
Nonlinear Background − Linear Transform: In particu-
lar, if the nonlinearity takes the form of a Kerr nonlinearity
Pi = ijEj − (0)Ej = (0)(χ(1)ij Ej + χ(3)ijklEjEkEl) (4)
(P is polarization and χ is susceptibility, which we assume to
be isotropic), Maxwell’s equations remain unchanged under
the cloaking transformation,
r′ = a+
b− a
b
r. (5)
Thus, if we can find a solution to Maxwell’s equations in Eu-
clidean space with a Kerr nonlinearity, we can find a solution
to Maxwell’s equations with a Kerr cloak permittivity (lower
left in Fig. 1)
ij = (0)(1 + χ
(1) + χ(3)E2)
 r−ar 0 00 rr−a 0
0 0 ( bb−a )
2 r−a
r

(6)
by writing the Euclidean solution in primed (i.e. cloak) coor-
dinates. The Kerr nonlinearity is a special case of nonlinear
optics with an exactly solvable system for special values of
intensity E2 corresponding to optical soliton modes. For con-
creteness, we select the first spatial soliton [37],
~E = A0sech(y/y0)e
i(ωt−kz+γz)yˆ, (7)
FIG. 2: Cloak of a medium with Kerr nonlinearity. Note the variation
in wave amplitude, corresponding to first spatial soliton mode.
where A0 is the soliton intensity, y0 = |A0|
√
3χ(3)/2k is
the pulse width, k is the wave-vector, ω frequency, γ =
3kχ(3)|A0|2/4n20, and n0 is the linear index of refraction. The
analytic solution is plotted in Fig. 2. Note that the cloaking is
exact in the analytic case, despite the nonlinear background.
Linear Background − Nonlinear Transform: While we
have seen that transformation optics is robust to background
nonlinearity, that case is easier to understand. The dynam-
ics there are identical to nonlinear optics in Euclidean space,
with the added linear transformation merely distorting the
geodesics in fixed directions. When the transformation is non-
linear, then the geodesics can change with changing intensity.
This makes, say, the combination of a nonlinear transform and
the Kerr effect far harder to calculate. Instead, we shall now
consider only a nonlinear transform and fix the background to
be linear (upper right in Fig. 1). We can apply physical intu-
ition to the nonlinear transform by taking inspiration from the
study of effective gravitational fields via linear transformation
optics [31, 32], where variations in the permittivity mimic the
gravitational field produced by a mass distribution. In that
case, the metric used must satisfy Einstein’s field equations
Gµν = Rµν − 1
2
Rgµν =
8piG
c4
Tµν (8)
where Rµν is the Ricci curvature tensor
Rµν = 2Γ
λ
µ[ν,λ] + 2Γ
λ
ρ[λΓ
ρ
ν]µ (9)
Γµνλ =
1
2
gµρ (gνρ,λ + gλρ,ν − gνλ,ρ) , (10)
(where Aµν,ρ ≡ ∂Aµν∂xρ , and A[µν] ≡ (Aµν − Aνµ)/2), R is
the Ricci curvature scalar Rµµ, G is the gravitational constant,
c is the speed of light, and Tµν is the stress-energy tensor.
That is, a matter distribution is used to define Tµν , which then
defines gµν via Eq. 8, thereby defining the equivalent , µ via
Eq. 1. However, relativity also predicts that energy and mass
3are equivalent (as in the famous E = mc2). As such, energy
distributions can also define a stress-energy tensor and thereby
produce a gravitational field [38].
If the only source of energy is the electromagnetic field,
then solutions to Eq. 8 are referred to as electrovacuum so-
lutions. A material satisfying Eq. 3 with a metric transform
obeying Eq. 8, then, will have a nonlinearity equivalent to the
gravitational field produced by the electromagnetic field.
For a purely electromagnetic source, Tµν is
Tµν =
[
U Si/c
Si/c σij
]
(11)
where U is the energy density U = (E2 + µH2)/2, ~S is the
Poynting vector ~E × ~H , and σ is the Maxwell stress tensor
σij = EiEj + µBiBj − 12
(
E2 + µH2
)
δij . Notably, for
a purely electromagnetic source, Tµµ = 0 so R = 0 and our
equations simplify.
To be more specific, we consider a plane wave solution
~E = |E| cos(ωt − ωx/c)yˆ. If our background is linear,
then U(E) = 0E2 (note that this is not the averaged en-
ergy, it retains space and time dependence), ~S = cU(E)xˆ,
and σij = −U(E)δxi δxj . We can then assume a metric of the
form gµν ≡diag[−1, 1, f(ct − x), f(ct − x)] in Minkowski
coordinates and use Eq. 8 to get
U(E) =
f ′′
f
− 1
2
(
f ′
f
)2
= 2h′′/h, (12)
defining h = f2. Using the identity 2 cos2(φ) = 1 + cos(2φ),
the stability condition h → 1 as |E| → 0, and the rotational
symmetry (implying −|E| should give the same solution as
|E|), gives
f = MathieuC2
(
−|E|
2
4E20
,
|E|2
8E20
, ω(ct− x)
)
, (13)
where MathieuC is the Mathieu cosine function (which, be-
cause the first term is negative, behaves closer to cosh than
cosine) and E0 = ωc/
√
4piG(0) is the natural electric field
scale. Note that G only occurs in E0, and so an effective
gravitational effect can be tuned by changing E0. In Fig. 3a,
we plot f , where we’ve exploited the periodicity of Eq. 12
to create a periodic continuation of f (using the unmodified
form results in an exponential growth of ). We now con-
sider the composite transform TGR,C = TCTGR, to create a
cloaked region within this artificial relativistic medium. Us-
ing f , and Eqs. 3,5 we calculate the components xx, xy, yy
and plot them in Fig. 3b-d. Notably, we do not plot E for this
setup, as it is indistinguishable from the solution to a purely
linear cloak. This is expected, given that the form of E was
assumed in solving for g, but we can also show that Maxwell’s
equations reduce to
∂ttfEx = ∂yyEx + ∂zzEx
∂ttEy = ∂xxEy + ∂zf
−1∂zEy (14)
∂ttEz = ∂xxEz + ∂yf
−1∂yEy,
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FIG. 3: Electrovacuum cloak solution for a linear background. (a)
Functional dependence of the metric vs position at constant field
strength, using a periodic continuation to preserve a finite metric.
(b) Corresponding value of xx, plotted on a log scale to handle sin-
gularity at r = a. (c) Log scale of xy , which is only non-zero within
the cloak. (d) Log scale of yy .
(c ≡ 1) which remain unchanged from linear Euclidean back-
ground from waves transverse to xˆ. A weaker test field, how-
ever, could detect the presence of the effective gravitational
field if it propagated transversely to this electric field.
Nonlinear Background − Nonlinear Transform: While
the Mathieu cosine form of the nonlinear transform is helpful
for illustrating the physical relevance of a nonlinear transform,
an alternative formulation is preferable for developing mate-
rials prescriptions. In particular, it is preferable in nonlinear
optics to know the dependence of the susceptibility as a Taylor
series in E
P = 0
∑
n=1
χ(n)En ≡
∑
n=0
((n) − 0δ0n)En+1 (15)
to some finite order. In considering this problem, we shall
once allow (E) to have an arbitrary nonlinearity, as that is
most useful for design (bottom right of Fig. 1). Eq. 12 re-
mains unchanged, save for a modification of U(E) to reflect
the new value of (E), but the solutions can no longer be ex-
pressed in terms of analytic functions. Instead, we employ the
Liouville-Neumann series technique to solve for h(u), where
u = ω(t − x/c). That is, we consider a series expansion
h = Σ|E|2nhn(u), where h′n(0) = 0, hn(0) = δ0n = h0, and
hn+1(u) =
∫ u
0
dw
∫ w
0
dvU(E(v))hn(v)/2. (16)
We truncate our solution f = h2 at 4th order in E, as terms
of that order and below are most relevant to nonlinear optics.
However, truncation means that our solution takes the form
f(E = |E| sin(u), u), as some terms have a more depend
upon um (i.e. secular terms from nonlinear resonance) that
4cannot be factored without higher order terms (these likely
correspond to the cosh dependence in the Mathieu solution).
This solution f gives the vacuum nonlinearity in a flat
space-time. We now apply the cloaking transformation Eq.
5 in cylindrical coordinate to this metric and use Eq. 3 to get
ij/(E) =
 r−ar 0 00 rr−a 0
0 0 ( bb−a )
2 r−a
r

+ (f(E, u)− 1)

r−a
r cos
2 θ − cos θ sin θ 0
− cos θ sin θ rr−a sin2 θ 0
0 0 0
 (17)
in transformed cylindrical coordinates (µij/µ(E) defined
identically). To verify that this leaves Maxwell’s equa-
tions unchanged, it suffices to observe that this can
also be written ij(r, θ, E) = 
(clk)
ij (r)˜
(nl)
ij (θ,E) (the
nonlinear resonance should be modified to functions of
x′ as they derive from E(r)), so (clk) will repro-
duce Eq. 5, transforming Maxwell’s equations from a
set of operators L[r, (clk)ij (r)˜
(nl)
ij (θ,E(r, θ)), E(r, θ)] to
L[r′, ˜(nl)ij (θ, E(r
′, θ)), E(r′, θ)] as desired for a nonlinear
cloaking transformation. Notice that the first term in Eq. 17
is the standard linear cloak (recall that f(E = 0) = 1 and the
second is purely due to the vacuum nonlinearity. We can thus
define ij(E)/(E) ≡ (l)ij + (f(E, u)− 1)(nl)ij for the linear
and nonlinear coefficient matrices of Eq. 17. Multiplying by
(E) and Taylor expanding in E thus gives
ij(E) = 
(l)
ij (0) + 
(l)
ij (1)E +
[

(l)
ij (2)E
2 + 
(nl)
ij (0)
|E|2u2 − E2
2E20
]
+
[

(nl)
ij (1)
24|E|3u+ 9|E|2Eu2 − 24|E|2E − 13E3
18E20
+ 
(l)
ij (3)E
3
]
+
[

(l)
ij (4)E
4 + 
(nl)
ij
(
(2)
3|E|4u2 − 5|E|2E2 + 4|E|2E2u2 − 2E4
8E20
+
2(1)
(0)
12u|E|3E − 12|E|2E2 − 2E4
9E20
)
+ 
(nl)
ij
(
(0)
5|E|4u4 + 3|E|4u2 + 3 (11− 8u− 6u2) |E|2E2 − 24u|E|3E√|E|2 − E2 − 3E4
48E40
)]
+O(E5). (18)
Notice that, although E0 was originally defined in terms of
the constant G, it is the only place that such constant enters
into the transformed material equation. Thus, we are free to
redefineE0 as any effective scale for the electric field strength,
rather than the scale prescribed by Eq. 8. That is, we can use
transformation optics to model a nonlinear gravitational field
with arbitrary strength E0(Geff ).
Transformation Media Extension: Before considering
our final example, it is worth stepping back and considering
how these nonlinear transformation optics techniques could be
extended to other forms of transformation media. Acoustics
is by far the easiest generalization, as there are straightfor-
ward mappings from transformation optics to transformation
acoustics [15]. Heat transport and diffusion are more difficult,
however. While the introduction of field dependence to the
already established thermal transformation [17] holds − i.e.
that
κij/κ0(T ) = g
ij(T ) (19)
ρcp/ρ0(T )cp0(T ) =
√
−g(T ) (20)
− is valid, the diffusion equation is not Lorentz invariant and
therefore is not a valid equation for the relativistic interpre-
tation. Thus, while transformation materials is applicable to
nonlinear heat transport, it cannot be interpreted in terms of
effective gravitational fields. However, because transforma-
tion diffusion is defined for an isotropic background κ0, with
all anisotropy arising from the transformation, a further inter-
pretation is plausible. Both the background nonlinearity and
isotropic nonlinear transform control the speed of diffusion at
a given temperature, whereas the anisotropic aspect controls
the preferential direction of diffusion as a function of temper-
ature.
So, for our final example we consider heat transport within
a Debye solid (κ ∝ (T/T0)3, cp ∝ (T/T0)3, ρ = ρ0/(1 +
αT ) ≈ ρ0, where T0 is the Debye temperature, and α is ther-
mal expansivity (O(10−5/K for a solid)). As the nonlinear
transform in this case is an arbitrary g(T ) that does not satisfy
Eq. 8, we consider a “phase transition” transform
λ(r, T ) =
λL(r) + λH(r)
2
+
λH(r)− λL(r)
2
tanh
T − Ttr
T∆
,
(21)
where λ = ρcp, κrr or κθθ, λL(H) are the low (high) tem-
perature transformed parameters, Ttr is the transition tem-
perature, and T∆ is the range of the intermediate zone. In
particular, we want a cloak for high temperatures (Eq. 5,
T > Ttr) and a concentrator for low temperatures. That is,
for T < Ttr, we have r′ = R1/R2 ∗ r when 0 < r < R2 and
r′ = (R3−R1)/(R3−R2) ∗ r+ (R1−R2)/(R3−R2) ∗R3
when R2 < r < R3 [18]. COMSOL simulations reveal
the nonlinear nature of the steady state, far field tempera-
ture distribution (Fig. 4a) and that the low (Fig. 4b) or
high (Fig. 4c) temperature cases work as a thermal concen-
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FIG. 4: Transformation diffusion of a Debye solid with switch-
able nonlinear concentrator/cloak transform. Steady state plots with
T (x = −L/2) = T1, T (x = L/2) = 0. Note that isotherms (grey
lines) are not evenly spaced due to Debye nonlinearity. (a) Far field
temperature distribution. (b) Low temperature, T1 = 0.1T0, concen-
trator. (c) High temperature, T1 = 10T0, cloak. (d) Transitional, half
cloak, half concentrator.
trator or cloak of the Debye solid. More interesting, when
T (x = 0) ≡ Ttr ≈ 8.4T0, the device acts like a cloak for
x < 0 and a concentrator for x > 0, Fig. 4d.
In summary, we have developed a formalism for under-
standing transformation materials in nonlinear media and un-
dergoing nonlinear transformations, and shown how this for-
malism can be applied to soliton transport, effective gravita-
tional fields, and thermal management. It is therefore possible
to use nonlinear transformation media to model a wider va-
riety of transport phenomena than have been previously con-
sidered. Furthermore, the constitutive relations that we have
derived in Eq. 18 can be used for a wider variety of transfor-
mations than just the cloaking transformation. Given the in-
corporation of frequency dependent material parameters in the
metamaterial realizations of transformation optics [9], the in-
corporation of nonlinear optical transformations presents the
opportunity for a wider variety of functional materials in this
framework. Wave mixing, for example, could be used to gen-
erate additional field components at a frequency several times
the incident wave’s. If a metamaterial has different resonant
effects at these frequencies, it could (say), screen the incident
wave while concentrating the nonlinear contribution. Or it
could increase the wave amplitude in a specific region (e.g.
via a concentrator), thus increasing the nonlinearity observed
in that domain. Soliton formation could also be promoted,
say by counteracting an excessive dispersion or nonlinearity
in the external medium. Generally, nonlinear transformations
can increase the versatility of frequency-dependent phenom-
ena in metamaterials and transformation materials.
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